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Dynamic programming
⚫Dynamic programming is an algorithm 

design technique that can be used when 
the solution to a problem can be viewed as 
the result of a sequence of decisions. 
⚫ Used to solve problems with overlapping 

sub problems
⚫Solve each sub problem only once. 
⚫ Store the results of sub problems, so that 

we do not have to re-compute them when 
needed later.



Dynamic programming
⚫Basic principle behind dynamic 

programming is “Principle of Optimality “ 
⚫ An optimal sequence of decision has the 

property that whatever the initial state and 
conditions are, the remaining decisions 
must constitute an optimal decision 
sequence with regard to the state resulting 
from the first decision 



Matrix chain multiplication
⚫Matrix chain multiplication is an 

optimization problem concerning the most 
efficient way to multiply a given sequence of 
matrices.
⚫There are many options because matrix 

multiplication is associative. 
⚫No matter how the product is parenthesized, 

the result obtained will remain the same.
⚫The problem may be solved using dynamic 

programming. 
A1 x A2 x A3 x A4



Matrix chain multiplication

⚫We can multiply two matrices A and B only if 
they are compatible

⚫the number of columns of A must equal the 
number of rows of B. If A is a p x q  and B is a q x  
r matrix, 

⚫resulting matrix C is a p x r matrix
⚫number of scalar multiplications- pqr



Matrix chain multiplication
⚫four matrices A, B, C, and D, there are five 

possible options:
⚫((AB)C)D = (A(BC))D = (AB)(CD) = A((BC)D) = 

A(B(CD)).
For example A is a 10 × 30 matrix,

B is a 30 × 5 matrix
C is a 5 × 60 matrix

(AB)C   needs  (10×30×5) + (10×5×60)
= 1500 + 3000 
= 4500 operations

A(BC)  needs  (30×5×60) + (10×30×60) 
= 9000 + 18000 
= 27000 operations.



Matrix chain multiplication
⚫



Matrix chain multiplication
⚫3. Computing the optimal costs





Matrix chain multiplication
⚫4. Compute the value of an optimal 

solution.

Time Complexity of matrix chain 
multiplication is : O(n^3) 



Matrix chain multiplication
⚫4. Compute the value of an optimal 

solution.



We want to start with i=j , then i<j starting with a spread of 1, 

working our way up

I

1 2 3 4 5

1 0

2 x 0

3 x x 0

4 x x x 0

5 x x x x 0

j



⚫M [i,j] =   0 if  i = j

min i<=k<j {M [i,j] =M [i,k]+ M [k+1,j] + p i-1pk pj }

Step 1: Fill the table for i = j

Matrix chain multiplication



⚫M [i,j] =   0 if  i = j

min i<=k<j {M [i,j] =M [i,k]+ M [k+1,j] +  p i-1pk pj }

Step 1: Fill the table for:

i = 1, j = 2

i = 2, j = 3

i = 3, j = 4

i = 4, j = 5

Matrix chain multiplication



⚫M [i,j] =   0 if  i = j

min i<=k<j {M [i,k]+ M [k+1,j] + p i-1pk pj }

A1 * A2* A3* A4 *A5

4*10       10*3     3*12    12*20   20*7

p0 p1 p1 p2 p2 p3 p3 p4 p4 p5

M[1,2] =min 1<=k<2{M[1,1] + M[1+1,2] + p0p1p2}

M[1,2] = min 1<=k<2{0+0+4*10*3}

M[1,2] = 120

Matrix chain multiplication



I

1 2 3 4 5

1 0 120

2 x 0

3 x x 0

4 x x x 0

5 x x x x 0

j

Matrix chain multiplication



⚫M[2,3] = min 2<=k<3{M[2,2] + M[2+1,3] + p1p2p3}

M[2,3] = min 2<=k<3{0+0+10*3*12}

M[2,3] = 360

• M[3,4] = min 3<=k<4{M[3,3] + M[3+1,4] + p2p3p4}

M[3,4] = min 3<=k<4{0+0+3*12*20}

M[2,3] = 720

• M[4,5] = min  4<=k<5{M[4,4] + M[4+1,5] + p3p4p5}

M[4,5] = min 4<=k<5{0+0+12*20*7}

M[1,2] = 1680

Matrix chain multiplication



i

1 2 3 4 5

1 0 120

2 x 0 360

3 x x 0

720

4 x x x 0

1680

5 x x x x 0

j

Matrix chain multiplication



i

1 2 3 4 5

1 0 1

2 x 0 2

3 x x 0

3

4 x x x 0

4

5 x x x x 0

j

s
Matrix chain multiplication



⚫M[1,3] = min 1<=k<3

k=1

= M[1,1] + M[1+1,3] + p0p1p3

= 0 + 360 + 4 *10 * 12

= 840

k= 2

= M[1,2] + M[2+1,3] + p0p2p3

= 120 + 0 + 4 * 3 * 12

= 264

Matrix chain multiplication

i

1 2 3 4 5

1 0 120

2 x 0 360

3 x x 0

720

4 x x x 0

1680

5 x x x x 0



j

i

1 2 3 4 5

1 0 120 264

2 x 0 360

3 x x 0

720

4 x x x 0

1680

5 x x x x 0

Matrix chain multiplication



⚫M[2,4] = min 2<=k<4

k = 2

= M[2,2] + M[2+1,4] + p1p2p4

= 0 + 720 + 10 * 3 *20

= 1320

k = 3

= M[2,3] + M[3+1,4] +p1p3p4

= 360 + 0 + 10 * 12 *20

= 2760



j

i

1 2 3 4 5

1 0 120 264

2 x 0 360 1320

3 x x 0

720

4 x x x 0

1680

5 x x x x 0

Matrix chain multiplication



⚫M[3,5] = min 3<=k<5

k = 3

= M[3,3] + M[3+1,5] + p2p3p5

= 0 + 1680 + 3 * 12 * 7

= 1932

k = 4

= M[3,4] + M[4+1,5] +p2p4p5

= 720 + 0 + 3 * 20 * 7

= 1140



j

i

1 2 3 4 5

1 0 120 264

2 x 0 360 1320

3 x x 0

720

1140

4 x x x 0

1680

5 x x x x 0

Matrix chain multiplication



i

1 2 3 4 5

1 0 1 2

2 x 0 2 2

3 x x 0

3

4

4 x x x 0

4

5 x x x x 0

j

sMatrix chain multiplication



⚫M[1,4] = min 1<=k<4

k = 1

= M[1,1] + M[1+1,4] + p0p1p4

= 0 + 1320 + 4 * 10 * 20

= 2120

k = 2

= M[1,2] + M[2+1,4] +p0p2p4

= 120 + 720 + 4 * 3 * 20

= 1080

k = 3

= M[1,3] + M[3+1,4] +p0p3p4

= 264 + 0 + 4 * 12 * 20

= 1224



j

i

1 2 3 4 5

1 0 120 264 1080

2 x 0 360 1320

3 x x 0

720

1140

4 x x x 0

1680

5 x x x x 0

Matrix chain multiplication



⚫M[2,5] = min 2<=k<5

k = 2

= M[2,2] + M[2+1,5] + p1p2p5

= 0 + 1140 + 10 * 3 * 7

= 1350

k = 3

= M[2,3] + M[3+1,5] +p1p3p5

= 360 + 1680 + 10 * 12 * 7

= 2880

k = 4

= M[2,4] + M[4+1,5] +p1p4p5

= 1320 + 0 + 10 * 20 * 7

= 2720



j

i

1 2 3 4 5

1 0 120 264 1080

2 x 0 360 1320 1350

3 x x 0

720

1140

4 x x x 0

1680

5 x x x x 0



i

1 2 3 4 5

1 0 1 2 2

2 x 0 2 2 2

3 x x 0

3

4

4 x x x 0

4

5 x x x x 0

j

s



⚫M[1,5] = min 1<=k<5

k = 1

= M[1,1] + M[1+1,5] + p0p1p5

= 0 + 1350 + 4 * 10 * 7

= 1630

k = 2

= M[1,2] + M[2+1,5] +p0p2p5

= 120 + 1140 + 4 * 3 * 7

= 1344

k = 3

= M[1,3] + M[3+1,5] +p0p3p5

= 264 + 1680 + 4 * 12 * 7

= 2280

k = 4

= M[1,4] + M[4+1,5] + p0p4p5

= 1080 + 0 + 4 * 20 * 7

= 1640



j

i

1 2 3 4 5

1 0 120 264 1080 1344

2 x 0 360 1320 1350

3 x x 0

720

1140

4 x x x 0

1680

5 x x x x 0



i

1 2 3 4 5

1 0 1 2 2 2

2 x 0 2 2 2

3 x x 0

3

4

4 x x x 0

4

5 x x x x 0

j

s



We now know that we can multiply A1 to A5 in a few as 1344 

multiplication operations!

But where do we put our brackets?

We must focus on the selected k values



⚫M [i,j] =   0 if  i = j

min i<=k<j {M [i,j] =M [i,k]+ M [k+1,j] + p i-1pk

pj }

A1 * A2* A3* A4 *A5

4*10       10*3     3*12    12*20   20*7

K = 2

M[1,5] = M[1,2] + M[3,5] + p0p2p5

(A1 * A2 )* (A3* A4 *A5 )

K = 4

M[3,5] = M[3,4] + M[5,5] + p2p4p5

(A1 * A2 )* ((A3* A4 ) *A5 )



⚫M [i,j] =   0 if  i = j

min i<=k<j {M [i,j] =M [i,k]+ M [k+1,j] + p i-1pk pj }

( A1 * A2)  ((A3 * A4)  A5)

4*10    10*3        3*12     12*20   20*7

(A1*A2) 

4*10*3 =120 //  4*3   

(A3*A4)

3*12* 20   =720// 3*20

(A3*A4)*A5

3*20*7=420//3*7
(A1*A2) *  (A3*A4)*A5

4*3*7=84

120+720+420+84=1344                                   
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Algorithm
• Desirable properties of an algorithm:

– Input - zero or more quantities are externally 
supplied

– Output - at least one output is produced

– Definiteness - each instruction is clear and 
unambiguous

– Finiteness - the algorithm terminates after a finite 
number of steps

– Effectiveness - every instruction must be very 
basic so that it can be carried out, in principle, by a 
person using only pencil and paper



Basics

• Four research areas in algorithms

• 1 How to devise algorithms?

• 2 How to validate algorithms?

• 3 How to analyse algorithms?

• 4 How to test algorithms?

• We will spend more time on algorithm 
analysis and design



Basics

• Development of Algorithm 
– Statement of the problem

– Development of Model

– Design of Algorithm

– Correctness of the Algorithm

– Implementation

– Analysis of Complexity

– Program Testing(profiling &debugging)

– Comparison with the existing Algorithm

– Documentation



Performance Analysis

• Performance evaluation

– A priori estimates (Performance analysis)

– A posteriori testing (Performance testing)



Performance Analysis

• Two criteria are used to judge algorithms: 

(i) time complexity

(ii) space complexity.

• Time Complexity of an algorithm is the amount 
of CPU time it needs to run to completion.

• Space Complexity of an algorithm is the 
amount of memory it needs to run to 
completion.



Space Complexity

• Memory space S(P) needed by a program P, 
consists of two components

S(P)

A Fixed 

Part -C

A Variable 

Part –Sp

S(P)=C+Sp



Space Complexity

• A fixed part that is independent of the 
characteristics (e.g., number, size) of the inputs 
and outputs - typically includes the instruction 
space (i.e., space for the code), space for

simple variables and fixed-size component 
variables, space for constants etc

• A variable part that consists of the space 
needed by components whose size is 
dependent on the particular problem instance 
being solved - i.e., on the instance 
characteristics



Space Complexity: Example 1

1. Algorithm abc (a, b, c)

2. {

3. return a+b+b*c+(a+b-c)/(a+b)+4.0;

4. }



13

Space Complexity: Example 2

1. Algorithm Sum(a[], n)

2. {

3. s:= 0.0;

4. for i = 1 to n do

5. s := s + a[i];

6. return s;

7. }

S(Sum)≥(n+3)
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Space Complexity: Example 3

1. Algorithm RSum(a, n)

2. {

3. if (n<=0) then return 0.0;

4. else return Rsum(a,n-1)+a[n];

5. }



Time  Complexity
T(P)

Compile 

Time

Run Time 

tp

Time T(P) taken by a program P is the sum of the compile
time and the run (or execution) time
Compile time - independent of instance characteristics; also a
compiled program can be run several times without
recompilation
Consequently, we concern ourselves with just the run time of a
program
Run time is denoted by tp (instance characteristic)
tp(n)=caADD(n)+ csSUB(n)+ cmMUL(n)+ 

cdDIV(n)+……………



Program step count

A program step is loosely defined as a syntactically or 
semantically meaningful segment of a program that has an 
execution time that is independent of the instance 
characteristics 
• Given the difficulty of determining the exact number of 

additions, subtractions, and so on, that are needed to solve 
a problem instance with characteristics given by n, we can 
lump all the operations together and obtain a count for the 
total number of operations

• We can go one step further and count only the number of
program steps
• A program step is loosely defined as a syntactically or 

semantically meaningful segment of a program that has an 
execution time that is independent of the instance 
characteristics



Program step count

– a+b+b*c+(a+b)/(a-b)  one step; 

– comments  zero steps;

– while (<expr>) do  step count equal to the 
number of times <expr> is executed.

– for i=<expr> to <expr1> do step count 
equal to number of times <expr1> is checked.



1. Algorithm abc (a, b, c)

2. {

3. return a+b+b*c+(a+b-c)/(a+b)+4.0;

4. }

Time Complexity: Example 1



Statements

1 Algorithm Sum(a[],n)

2 {

3 S = 0.0;

4 for i=0 to n do

5 s = s+a[i];

6 return s;

7 }

Time Complexity: Example 1



Time Complexity: Example 2

Statements

1 Algorithm Sum(a[],n,m)

2 {

3 for i=0 to n do

4 for j=0 to m do

5 s = s+a[i][j];

6 return s;

7 }



Algorithm log 

{

for(i=1;i<n;i=i*2 )

Printf(“*”)

}



i value varies from 1,2,4,8,16,32……..upto n
20, 21, 22, 23, 24…………2𝑘

n=2𝑘

k=log n
So For loop log n times



Using the count variable



Using the count variable



Space and Time Complexity (Contd.)

• The time complexity of an algorithm is given by the 
number of steps taken by the algorithm to compute 
the function

• The number of specific steps is itself a function of the 
instance characteristics

• The best-case step count is the minimum number of 
steps that can be executed for the given parameters

• The worst-case step count is the maximum number of 
steps that can be executed for the given parameters

• The average step count is the average number of steps 
executed on instances with the given parameter



Direction = A-B-D

Direction = A-D

Direction = A-C-D





Common orders of magnitude



Common orders of magnitude

• We denote O(1) to mean a computing time 
that is a constant, O(n) is called linear, O(n2) is 
called quadratic, 0(n3) is called cubic, and 
O(2n) is called exponential If an algorithm 
takes time O(log n), it is faster, for sufficiently 
large n, than if it had taken O(n)





logb(x ∙ y) = logb(x) + logb(y)

logb(x / y) = logb(x) - logb(y)

logb(x y) = y ∙ logb(x)

logb(c) = 1 / logc(b)

logb(x) = logc(x) / logc(b)

logb(x) is undefined when x≤ 0

logb(0) is undefined

y = logb(x) , x = by

logb(1) = 0

logb(b) = 1



Asymptotic Analysis

• Asymptotic notations are the mathematical 
notations used to describe the running time 
of an algorithm when the input tends towards 
a particular value or a limiting value



Asymptotic notations
• O-notation



• f(n) =100+n

• Let F(n)=3n+2, g(n)=n

3n+2≤ 4n

F(n) ≤c*g(n) where c=4 and n0=2

F(n)=O(4n)

3n+2 4n

n=1 3*1+2=5 4*1=4

n=2 3*2+2=8 4*2=8

n=3 3*3+2=11 4*3=12

N=4 3*4+2=14 4*4=16



• F(n)=100n+6

• Let F(n)=100n, g(n)=6

100n+6≤ 101n

F(n) ≤c*g(n) where c=101 and n0=6

F(n)=O(n)



Asymptotic notations

 - notation



• F(n)=3n+2

• Let F(n)=3n+2, g(n)=n

3n+2≥ 3n

F(n) ≥ c*g(n) where c=3 and n0>=0

F(n)=

3n+2 3n

n=1 3*1+2=5 3*1=3

n=2 3*2+2=8 3*2=6

n=3 3*3+2=11 3*3=9

N=4 3*4+2=14 3*4=12



Asymptotic notations

-notation



Asymptotic notations

• little-Oh Defn: f(n) = o(g(n)) 

if for all positive constants c there exists an n0

such that f(n) < c· g(n)  for all n  n0



Asymptotic notations

• little-Omega Defn: f(n) =  (g(n)) 

if for all positive constants c>0 there exists an 
n0> 0 such that 0<= c· g(n)< f(n) for all n  n0
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